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Abstract

By restricting the condition, the paper put forward and proved the non-existence of positive
solution for two classes of partial differential equation.
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1. Introduction

In the last decades, more and more importance has been attached to the research of partial differential
equation. On one aspect ,because plenty of problems involved in these equations originated from
many mathematical models in physics. chemistry and biology. Besides, many branches inside
mathematics have deep relationship with partial differential equation which as a result has a strong
practical application background.

First, we would research oval equation as following

{Au+k(|x|)up+f(x)=0 0

u>0,xeR"

Where n>3,p>1, f(x)=0and k(|x)>0are both part of Holder continuous functions given
inR"\{0}, and k(|X|)>0 satisfies slow decline condition, that is, there exist constant ¢ >0 and
I >—2 which can result in k(|x|)>c|x| when |X| is sufficiently large. If there exists a positive

solution U which satisfies the equation (1) at the point of R" \{0}, then we call U is a positive
solution of the equation (1). Since 1996, G.Bemard and S.Bae have done much research on the
k(|X|) =1 case of equation (1) in [1] and [2] and have achieved excellent results. Many troubles still

remain when k(|X|) is a nonconstant one. However the K (]X|) slow decline condition used in the
paper has given a good discussion about the nonexistence of positive solution for the equation (1).
Then, we would discuss equation as following

)

u>0xeR"

{Au+|x|m(up —u):O

To the existence of radial positive solution for the Dirichlet problem in equation (2), [3] has discussed
about the case of p =3 and [4] has discussed about the symmetry of solutions in global domain. To
be more general, the author has discussed about the nonexistence of positive solution for the Dirichlet
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problem in the equation in bounded sphere domain. Furthermore, it generalized the conclusions of
[4].

2. The Non-Existence of Positive Solution for Equation (1)

Definition 1 Function Y is called the spherical average function of U .Suppose

= 1 1
u(r) :ij_ru(x)ds :Wn_[é_lu(ré)ds

r>0 u(0)=0

(3)

W, is the superficial area of unit sphere, and ds is the surface measure of unit sphere inR".
Lemma 1 Let f(x)>0and k(|X|) >0 satisfies slow decline condition, that is, there exist constant

¢>0 and I >-2 which can make k(|x|)>c|x|I when |x| is sufficiently large. If U is a positive
solution of equation (1), then we have the reckon as following
O<rhu(r)<c

Proof We can obtain
Au+ku’ <—f<0 (4)

through the equation (1). We have integral for (4) in B, . According to Green formula, we get
[ ku"dx<-[ Audx<-[_ u'ds=-cR™U'(R) )
Bg By 0By

C is a positive constant. Through another usage of inequality (4), we can obtain
(r“ﬂl (r)) <-r"*ku’ <0

Because ofa'(o) ~0, G'(r)g 0 is constantly established tor >0. Suppose k(r)>cr'is constantly

established tor > R, then whenR > 2R, , we get

.[BR ku®dx > IBR\BRO ku®dx > IBR\BRO cr'u’dx > —cu’ (R)

R — (6)
jRO r"=dr > cR™u (R)

Combine (5) and (6), we get

>cR'"™ R>R, =2R, (7)
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When r is sufficiently large, we have integral for (7) in[R,,r],

R CNUS LY

Rlap(R) 1-P

So when T is sufficiently large, we obtain

u ' (r)zer +u T(R)zcr?! >0
The lemma is proved right.

Theorem 1 Set p >rr:—+|2, f(x)>0 and

0<k, =limr'k(r)<r'k(r)<k,(r>0,1>-2)

r—oo

If the sphere  of function f(x) satisfies
2p+l

r Pt f_(r)—ip_1 LP

1
. (pPr'k)et
.[0 r
then equation (1) does not have any positive solution in «©.

dr = +o0

(8)

(9)

Proof set U is a positive solution of equation (1), then the spherical average function f of f (X)

satisfies
Au+ku’ +f <0
According to the lemma 1, rzpp%ll u is bounded in . Let
2p+|_
V(t) =r"tur=ete (—oo,+oo)

So v(t) satisfies
V' (t)+byv' (1) - L (t) +k (t)vP (t)+g(t) <0
t € (—o0,+00)
where
by =n—2—2m,L=[m(n—2—m)]ﬁ
k(t)=r"k(r),g(t)=r """ f(r)

If k(r) satisfies the condition given by the problem set, then according to

max (L"’lv—k(t)vp) N et ST

ve(0,+0) 1

(p°k(1))P

and

v(t)+by(t)——P 1o g(t)<0

(pPk(1))P
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We have integral for (10) and can get

’ ' -1
V(£) <V (T) by (v(t)~v(T)) - [[] g (t) -— =L fit
(ppk(t))p—l
Now that v(t) is bounded whent >T , then we can get V'(t) < 0through the combination of (9)

and the inequality above when t is sufficiently larger thanT . So the contradiction v =0 appears at
the point oft, > T . Thus, the theorem 1 is proved right.

3. The Non-Existence of Positive Solution for Equation (2)
Lemma 2 set Qs the bounded smooth area in R", and U is the classical solution for the equation
Au+f(x,u)=0

then we obtain Rellich-Pohozaev identity with N=3 ;
JQ[nF (x,u)—n—gzuf (x,u)+F, (x,u)}dx

(11)

~ ou vul n—2 ou

_J'm{(xDVu) p (x(h) 5 +(X) F(x,u)+ 5 uan}ds

where F(x,u)zv[oLI f(xt)dt, and F (x,u) is the gradient of F(x,u) which alters with X, and Nis

the unit outside normal vector of 0Q , and ds is the area element on oQ2.
Proof Set

2
V(x)=(xVu)Vu —@x+ XF (x,u)+n—;2uVu
Use the equation which U satisfies, we can calculate directly to get
div (x)=nF (x,u)—n;zzuf (x,u)+xF, (x,u)
According to the divergence theorem
I divV (x)dx :I V (x)hds
Q oQ ,

we can get (11)
Theorem 2 We discuss equation (2) as following

Au+|x|m(up—u):0 in B, (0)
u>0,xeR" in B (0)

When
>2m+n+2

~ n-2
equation (2) does not have any solution. In this equation,
B, (0) stands for the sphere domain whose center of sphere is at the origin and radius is b .

Proof To equation (2), we can get
f(xu)=[x"(u"-u)
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F(x,u)zjou|x|m tp —t)dt
_| | up+1 u2
p+1 2

F(xu)

and
=0

By (0)
as well as

u =0

3B, (0)
according to lemma 2.
Substitute these above into (11), we can get

I m+n_ﬂ:g P gy
B, (0) p +1 2
—f (2n+m 2Jud +f xm|Vu|dx

Since the vector X at any point at the boundary of sphere domain B, (0) has the same direction with

(12)

the outside normal vector at that point, we can know(XEh) >0, as a result, the right side of (12) is

greater than zero. But when
>2m+n+2

- n-=2

m+n n-2 <0
p+1 2 )
leads the lest of (12) to be less than zero, which is the contradiction with Rellich-Pohozaev identity.

So theorem 2 is proved right.

Notice that sphere domain is used in the proof of theorem 2, we can generalize common starlike
domains with the favor of theorem 2.

Theorem 2 To the equation as following
{Au +X"(uP-u)=0 in Q

u>0,xeR"” in Q

inequality

When
2m+n+2
Z e
n-2
the equation does not have any solution.
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