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Abstract 

With respect to decision making problems by using probabilities, immediate probabilities and 
information that can be represented with hesitant fuzzy information, some new decision 
analysis are proposed. Then, we have developed some new probability aggregation operators 
with hesitant fuzzy information: probability hesitant fuzzy weighted average (P-HFWA) 
operator, immediate probability hesitant fuzzy ordered weighted average (IP-HFOWA) 
operator and probability hesitant fuzzy ordered weighted average (P-HFOWA) operator. 
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1. Introduction 

  Atanassov [1] introduced the concept of intuitionistic fuzzy set(IFS), which is a generalization of the 
concept of fuzzy set [2]. The intuitionistic fuzzy set has received more and more attention since its 
appearance[3-13]. Furthermore, Torra [14] proposed the hesitant fuzzy set which permits the 
membership having a set of possible values and discussed the relationship between hesitant fuzzy set 
and intuitionistic fuzzy set, and showed that the envelope of hesitant fuzzy set is an intuitionistic 
fuzzy set. Xia and Xu[15] gave an intensive study on hesitant fuzzy information aggregation 
techniques and their application in decision making. In order to aggregate the hesitant fuzzy 
information, they proposed a series of operators under various situations and discussed the 
relationships among them. Moreover, many scholars had developed some aggregation operators to 
solve the decision making problems with anonymity[16-18].  

In this paper, we investigate the probabilistic decision making problems with hesitant fuzzy 
information, some new probabilistic decision making analysis methods are developed. Then, we have 
developed some new probability aggregation operators with hesitant fuzzy information: probability 
hesitant fuzzy weighted average (P-HFWA) operator, immediate probability hesitant fuzzy ordered 
weighted average (IP-HFOWA) operator and probability hesitant fuzzy ordered weighted average 
(P-HFOWA) operator.  

2. Preliminaries 

In the following, we shall introduce some basic concepts related to hesitant fuzzy sets and immediate 
probabilities. 

2.1 Hesitant fuzzy sets 

Atanassov[1] extended the fuzzy set to the IFS. However, when giving the membership degree of an 
element, the difficulty of establishing the membership degree is not because we have a margin of 
error, or some possibility distribution on the possibility values, but because we have several possible 
values. For such cases, Torra[14]  proposed another generation of FS. 

Definition 1[14]. Given a fixed set X , then a hesitant fuzzy set (HFS) on X is in terms of a function 
that when applied to X returns a sunset of  0,1 . 

To be easily understood, Xu express the HFS by mathematical symbol 
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   , EE x h x x X  ,                                              (1) 

 

where  Eh x is a set of some values in 0,1 , denoting the possible membership degree of the element 

x X  to the set E . For convenience, Xu call  Eh h x a hesitant fuzzy element(HFE) and H the set 

of all HFEs. 

Definition 2[15]. For a HFE h ,   1

# h
s h

h 



  is called the score function of h , where #h is the 

number of the elements in h . For two HFEs 1h and 2h , if    1 2s h s h , then 1 2h h ; if 

   1 2s h s h , then 1 2h h . 

Based on the relationship between the HFEs and IFVs, Xia and Xu[16] define some new operations 
on the HFEs h , 1h and 2h : 

(1)  hh 
   ;  

(2)   1 1hh


    ; 

(3)  
1 1 2 21 2 , 1 2 1 2 ;h hh h            

(4 )  
1 1 2 21 2 , 1 2 .h hh h         

2.2 Probabilistic aggregating operators 

Merigó[19-20] developed the probabilistic weighted average (PWA) operator which is an 
aggregation operator that unifies the probability and the weighted average in the same formulation 
considering the degree of importance that each concept has in the aggregation. 

Definition 3. An PWA operator of dimension n is a mapping PWA: nR R , such that 

 

 1 2
1

PWA , , ,
n

n j j
j

a a a v a


                                             (2) 

 

where  1 2, , ,
T

n      be the weight vector of  1, 2, ,ja j n  , and 0j  , 
1

1
n

j
j




 , and a 

probabilistic weight 0jp  , 
1

1
n

j
j

p


 ,  1j j jv p     with  0,1  and jv is the weight that 

unifies probabilities and WAs in the same formulation,  then PWA is called the probabilistic weighted 
average(PWA) operator. The PWA operator is monotonic, commutative, bounded and 
idempotent[19-20]. 

Merigó[21] proposed the immediate probability (IP) which tries to include the decision maker’s 
attitude in a probabilistic decision-making problem. The main advantage is that it is easy to apply it in 
almost all the probabilistic problems studied before such as in decision-making problems, actuarial 
sciences and statistics. Because the probabilistic information is objective but uncertain, we cannot 
then guarantee that the expected result is the result that will happen in the future. If we are in the 
situations of uncertainty (risk environments), each decision maker will have different attitudes 
towards the same problem.  

In order to develop the analysis, Merigó[21] used in the same formulation the weights of the OWA 
operator and the probabilistic information and proposed the immediate probability OWA(IP-OWA) 
operator. It can be defined as follows. 
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Definition 4[21]. An IP-OWA operator of dimension n is a mapping IP-OWA: nR R , that has an 

associated weight vector  1 2, , ,
T

nw w w w   such that 0jw   and
1

1
n

j
j

w


 . Furthermore, 

 

   1 2
1

ˆIP-OWA , , ,
n

n j j
j

a a a p a


                                           (3) 

 

where       1 , 2 , , n    is a permutation of  1, 2, ,n , such that    1j j     for all 

2, ,j n  , each ia has associated a probability ip , jp is the associated probability of  j , and 

1

ˆ j j
j n

j j
j

w p
p

w p





. 

It’s worth pointing out that IP-OWA operator is a good approach for unifying probabilities and 
OWAs in some particular situations. But it is not always useful, especially in situations where we 
want to give more importance to the probabilities or to the OWA operators. In order to show why this 
unification does not seem to be a final model, we could also consider other ways of representing ˆ jp . 

For example, we could also use 

 
1

ˆ j j
j n

j j
j

w p
p

w p






or other similar approaches. 

Another approach for unifying probabilities and OWAs in the same formulation is the probabilistic 
OWA (POWA) operator [19-24]. Its main advantage is that it is able to include both concepts 
considering the degree of importance of each case in the problem.  

Definition 5. An POWA operator of dimension n is a mapping PWA: nR R that has an associated 

weight vector  1 2, , ,
T

nw w w w   such that 0jw   and 
1

1
n

j
j

w


 , according to the following 

formula: 
 

   1 2
1

ˆPOWA , , ,
n

n j j
j

a a a p a


                                             (4) 

 

where       1 , 2 , , n    is a permutation of  1, 2, ,n , such that    1j j     for all 

2, ,j n  , each ia has associated a probability ip , with 
1

1
n

i
i

p


  and  0,1ip  , 

 ˆ 1j j jp p w    with  0,1  and jp is the associated probability of  j  .   

3. Some hesitant fuzzy aggregating operator with immediate probabilities 

Based on the aggregation principle for HFEs, Xia and Xu[15] developed the hesitant fuzzy weighted 
averaging(HFWA) operator and hesitant fuzzy ordered weighted averaging (HFOWA) operator.  

Definition 6. Let  1, 2, ,jh j n  be a collection of HFEs. The hesitant fuzzy weighted averaging 

(HFWA) operator is a mapping nH H such that 
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      
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
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where  1 2, , ,
T

n      be the weight vector of  1, 2, ,jh j n  , and 0j  , 
1

1
n

j
j




 . 

Definition 7[15]. Let  1, 2, ,jh j n  be a collection of HFEs, the hesitant fuzzy ordered weighted 

averaging (HFOWA) operator of dimension n  is a mapping HFOWA: nH H , that has an 

associated weight vector  1 2, , ,
T

nw w w w   such that 0jw   and 
1

1
n

j
j

w


 . Furthermore, 

 

    

              
1 1 2 2

1 2
1

, , ,
1

, , ,

1 1
j

n n

n

n j jj

n w

h h h j
j

HFOWA h h h w h

     



   



  


 

 
   

 





                                    (6) 

 

where       1 , 2 , , n    is a permutation of  1, 2, ,n , such that    1j jh h    for all 

2, ,j n  .   

 Similarly, the PWA operator, IPOWA operator and POWA operator have usually been used in 
situations where the input arguments are the exact values. In the following, we shall extend these 
operators to accommodate the situations where the input arguments are hesitant fuzzy information. 
These operators include: probability hesitant fuzzy weighted average (P-HFWA) operator, immediate 
probability hesitant fuzzy ordered weighted average (IP-HFOWA) operator and probability hesitant 
fuzzy ordered weighted average (P-HFOWA) operator. 

Definition 8. Let  1, 2, ,jh j n  be a collection of HFEs, an P- HFWA operator of dimension n is a 

mapping P- HFWA: nQ Q , such that 

 

     
1 1 2 2

ˆ

ˆ 1 2 , , ,
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1

ˆP-HFWA , , , 1 1
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 
                 (7) 

 

where  1 2, , ,
T

n      be the weight vector of  1, 2, ,ja j n  , and 0j  , 
1

1
n

j
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


 , and a 

probabilistic weight 0jp  , 
1

1
n

j
j

p


 ,  ˆ 1j j jv p     with  0,1  and ˆ jv is the weight that 

unifies probabilities and HFWAs in the same formulation. 

Definition 9. Let  1, 2, ,jh j n  be a collection of HFEs, an IP-HFOWA operator of dimension 

n is a mapping IP-HFOWA: nQ Q , that has an associated weight vector  1 2, , ,
T

nw w w w   such 

that 0jw  and
1

1
n

j
j

w


 . Furthermore, 
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where       1 , 2 , , n    is a permutation of  1, 2, ,n , such that    1j jh h    for all 

2, ,j n  , each ia has associated a probability ip , jp is the associated probability of  j , and 

1

ˆ j j
j n

j j
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w p
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w p





. 

It’s worth pointing out that IP-HFOWA operator is a good approach for unifying probabilities and 
HFOWAs in some particular situations. But it is not always useful, especially in situations where we 
want to give more importance to the probabilities or to the HFOWA operators. In order to show why 
this unification does not seem to be a final model, we could also consider other ways of 

representing ˆ jp . For example, we could also use  
1

ˆ j j
j n

j j
j

w p
p

w p





 or other similar approaches. 

Definition 10. Let  1, 2, ,jh j n  be a collection of HFEs, an P-HFOWA operator of dimension 

n is a mapping P-HFOWA: nQ Q , that has an associated weight vector  1 2, , ,
T

nw w w w   such 

that 0jw  and
1

1
n

j
j

w


 . Furthermore, 
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where       1 , 2 , , n    is a permutation of  1, 2, ,n , such that    1j jh h    for all 

2, ,j n  , each ia has associated a probability ip , with 
1

1
n

i
i

p


  and  0,1ip  , 

 1j j jp p w    with  0,1  and jp is the associated probability of  j . 

4. Conclusion 

In this paper, we investigate the probabilistic decision making problems with hesitant fuzzy 
information, some new probabilistic decision making analysis methods are developed. Then, we have 
developed some new probability aggregation operators with hesitant fuzzy information: probability 
hesitant fuzzy weighted average (P-HFWA) operator, immediate probability hesitant fuzzy ordered 
weighted average (IP-HFOWA) operator and probability hesitant fuzzy ordered weighted average 
(P-HFOWA) operator. 



International Journal of Science Vol.2 No.8 2015                                                             ISSN: 1813-4890 

 

67 

 

Acknowledgements 

The work was supported by the Humanities and Social Sciences Foundation of Ministry of Education 
of the People’s Republic of China (No. 14YJCZH082). 

References 

[1] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1986) 87-96. 
[2] L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338- 356. 
[3] G. W. Wei, R. Lin, X.F. Zhao and H.J. Wang, TOPSIS-based linear-programming methodology 

for multiple attribute decision making with incomplete weight information in intuitionistic fuzzy 
setting, Information: An International Interdisciplinary Journal 13(5) (2010) 1721-1726. 

[4] G. W. Wei, A novel efficient approach for interval-valued intuitionistic fuzzy multiple attribute 
decision making with incomplete weight information, Information: An International 
Interdisciplinary Journal 14(1) (2011) 97-102. 

[5] G. W. Wei, X.F. Zhao, H.J. Wang and R. Lin, GRA Model for Selecting an ERP System in 
Trapezoidal Intuitionistic Fuzzy Setting, Information: An International Interdisciplinary Journal 
13(4)(2010) 1143-1148. 

[6]H.W. Liu, G.J. Wang, Multi-criteria decision-making methods based on intuitionistic fuzzy sets, 
European Journal of Operational Research 179 (2007) 220–233. 

[7]L. Lin, X.H. Yuan and Z.Q. Xia, Multicriteria fuzzy decision-making methods based on 
intuitionistic fuzzy sets, Journal of Computer and System Sciences 73 (2007) 84-88. 

[8]Z. S. Xu and R. R. Yager, Some geometric aggregation operators based on intuitionistic fuzzy sets, 
International Journal of General System, 35 (2006) 417-433. 

[9]Z. S. Xu, Intuitionistic fuzzy aggregation operators, IEEE Transations on Fuzzy Systems 15(6) 
(2007) 1179-1187. 

[10]Z.S. Xu, Intuitionistic preference relations and their application in group decision making, 
Information Sciences 177 (2007) 2363-2379. 

[11]Z. S. Xu, Multi-person multi-attribute decision making models under intuitionistic fuzzy 
environment, Fuzzy Optimization and Decision Making 6 (3) (2007) 221-236. 

[12]Z. S. Xu, Models for multiple attribute decision-making with intuitionistic fuzzy information, 
International Journal of Uncertainty, Fuzziness and Knowledge-Based Systems   15(3) (2007) 
285-297. 

 [13] G. W. Wei, Gray relational analysis method for intuitionistic fuzzy multiple attribute decision 
making, Expert Systems with Applications, 38(9) (2011) 11671-11677. 

[14] V. Torra, Hesitant fuzzy sets, International Journal of Intelligent Systems 25(2010)529-539. 
[15] M. Xia, Z. S. Xu, Hesitant fuzzy information aggregation in decision making, International 

Journal of Approximate Reasoning 52(3) (2011)95-407.  
[16]G.W. Wei, X.F. Zhao, R. Lin, Some hesitant interval-valued fuzzy aggregation operators and 

their applications to multiple attribute decision making, Knowledge-Based Systems 46 (2013) 
43-53. 

[17] Guiwu Wei, Rui Lin, Hongjun Wang, Distance and similarity measures for hesitant 
interval-valued fuzzy sets, Journal of Intelligent and Fuzzy Systems, 27(1) (2014) 19-36. 

[18] Guiwu Wei, Hesitant Fuzzy prioritized operators and their application to multiple attribute group 
decision making, Knowledge-Based Systems, 31(2012) 176-182. 

[19] J. M. Merigó, New extensions to the OWA operators and their application in decision making. 
PhD thesis (in Spanish), Department of Business Administration, University of Barcelona, Spain, 
2008. 

[20] J. M. Merigó, The probabilistic weighted average operator and its application in decision making, 
in: Operations Systems Research & Security of Information, Ed. G.E. Lasker, P. Hruza, The 
International Institute for Advanced Studies in Systems and Cybernetics, Baden-Baden, Germany, 
pp. 55-58, 2009. 



International Journal of Science Vol.2 No.8 2015                                                             ISSN: 1813-4890 

 

68 

 

[21] J. M. Merigó, Fuzzy decision making with immediate probabilities, Computers & Industrial 
Engineering 58(4) (2010) 651-657 

[22] J. M. Merigó, Probabilistic decision making with the OWA operator and its application in 
investment management, in: Proceedings of the IFSA-EUSFLAT International Conference, 
Lisbon, Portugal, pp. 1364-1369, 2009. 

[23]Guiwu Wei, José M. Merigó, Methods for strategic decision making problems with immediate 
probabilities in intuitionistic fuzzy setting, Scientia Iranica E 19 (6) (2012)1936-1946. 

[24]G. W. Wei, Xiaofei Zhao, Methods for probabilistic decision making with linguistic information, 
Technological and Economic Development of Economy, 20(2) (2014) 193-209. 

 

 


