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Abstract

In the paper, we propose the empirical Bayes test rules based on ranked set sampling under
Pareto distribution. Its asymptotic optimality and convergence rate are proved strictly.
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1. Introduction

Ranked set sampling (RSS) was first proposed by Mcintyre (1952, [1]) to estimated pasture yields. It
Is a two-stage sampling plan where a number of sampling units are first ranked without taking actual
measurements at a small cost, and then, measurements are taken from a fraction of the ranked units.
This can improve the precision of statistical inference when the actual measurements are difficult or
expensive to obtain, but sampling units can be easily ranked by some means without actual
quantification. For this advantage, RSS has been applied successfully in many areas such as
environment, ecology, industrial statistics and sociology. The reader is referred to the monograph by
Chen et al. [2].

Since Robbins, H [3-4] introduced empirical Bayes (EB) approach, it has been developed in the
literature[5-9]. However, most EB methods are based on simple random sampling (SRS). A heuristic
idea is to develop EB methods based on RSS. Recently, in our another work (Li et al. [10]), empirical
Bayes test rule and its asymptotical property for the parameter of power distribution based on RSS
has been established. In this paper, we will construct empirical Bayes test rule for the parameter of
Pareto distribution based on RSS.

Let X have a conditional density function for given 6

0a’

f(x16) = o (1.1)
where a is known parameter, 6 is unknown parameter, 2 = {x|x > a} is the sample space and 0 =
{616 > 0} is parameter space. We then discuss the following two-sided test problem:

HO:91S9S92<=>H1:9<910T9>92 (12)
01+6, 61—6,
2 2

where 8, and 6, are given constants. Let 6, =
(1.2) is equivalent with:
HE; .|9_00|S‘}/0<:>H;:|0_90|>y0. (1.3)
For testing (1.3), we take loss function
L;(6,d) = (1 = Dal(6 —60)% = v§llje-a,>y,1; + ialvs — (6 — 00) 1 j10-a, <y,

i=0,1, wherea > 0,d = {d,,d; } is action space, d, and d; imply acceptance and rejection of H,
respectively.

Suppose that the prior distribution G(6) of parameter the 6 is unknown.

and y, = , then the two-sided test problem
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We can get random decision function
8(x) = P(accept Hj|X = x). (1.4)
Then, the risk function of §(x) is given by
R(8(x),G(0)) = fe fQ[LO(e,dO)f(xle)S(x) + L, (8,d,)f(x]0)(1-8(x))] dxdG(6) =
a [, B)8x)dx + Cg, (1.5)R(8(x), G(8)) = [, [,[Lo (6, dp)f(x|6)8(x) + L (6, d;)f(x(6)(1 —

8(x))| dxdG(8)
= aJ B(x)8(x)dx + Cg, (1.5)
Q
where
Cg = foL1(o,apdG(8), B = [,[(8—80)* — y§If(x|8)dG(8) . (1.6)
The marginal density function of X is
fomo = f f(x|0)dG(0) = f Ba®x~®+DdG(0). (1.7)
(€] C]
By (1.6), we have
B(x) = AR)P (X) + BV (%) + Cfg (%), (1.8)

where A(x) = x2,B(x) = (2 6, + 3)x,C = (8, + 1)? — y3, and % (x) is the r-th order derivative of
fox), forr = 0,1,2. Using (1.5), Bayes test function is obtained as follows

(1, px) <0
Saco = {o, B(x) >0 (1.9)
Further, we can get the minimum Bayes risk
R(G) = infs R(5,G) = R(6¢, G) = f B(x)8:()dx + Ce. (1.10)
Q

From the issue above that §(x) = 8;(x) and R(G) can be achieved when the prior distribution of
G(8) is given. If not, we can use the EB method. The rest of this paper is organized as follows. Section
2 presents an EB test based on RSS. In section 3, we obtain asymptotic optimality and the optimal
rate of convergence of the EB test.

2. Construction of EB test Based on Ranked Set Sampling

A balanced RSS procedure can be described as follows:
Randomly select k independent SRS samples from the population of interest.

The k units in each sample are ranked visually or by any negligible cost method that does not need
actual measurements.

Only measure the smallest unit for each r size sample, r runs from 1 to k.
Repeat (i)-(iii) m times, then we obtain k X m independent observations
X =1,k i =1,-+,m, that collected a balanced RSS sample of total size n = k X m.
We then construct the EB test function. Let
XovXmz = Xom X@vX@2 = X@m = Xwv Xz = Xom

be a balanced ranked set sample from population which has the common marginal density
functionfgy. We assume perfect ranking. Denote that

Xy Xz Xom X2)v X@)2 = Xem  Xgov Xz - Xaom
are historical samples, and X is present sample. Assume fgy) € C;4,x € R, where
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« = {g(x)|g(x) is a probability density function;
the s — he order derivative g (x) is continuous with |g®®(x)| < a,s = 3, > 0}.
Let K. (x) be a Borel measurable bounded function vanishing off (0,1) such that

1t (-1t whent=r
1):— tK ={ ’ =01,2,:---,s—1.
€D t!fo Y K (y)dy 0, whent #r, t=0 S

Kernel estimator of fér) (x) is defined by

100 =~ (Mii&( X“”) (2.1)

n i=1j=1

where h,, is a positive and smoothing bandwidth, and lim h,, = 0. Denote f; © )(x) = fe(x), f (T)(x)

n—-oo
is the r-the order derivative of f;(x), for r = 0,1,2. Thus, the estimator of B(x) is
Bn(x) = AP (%) + B () + Cf, (). (2.2)
And, the EB test function is defined as
(1, B <0
5. (x) = {O, i (2.3)

Let E stand for mathematical expectation with respect to the joint distribution of
Xyw Xz - Xmm X1 X@)2 = X@ms = X Xz =+ Xagm- Then, the overall Bayes risk of
8,(x) is

R(8,(x),G) = a [, BIE[8,(x)]dx + Cg. (2.4)

If lim R(§,,G) = R(8;,G),{6,(x)} is called asymptotic optimality of EB test function. If
n—-oo

R(8,,G) — R(84;,G) = 0(n~7), where g > 0, 0(n~?) is asymptotic optimality convergence rates of
EB test function {5,, (x)}. Before proving the theorems, we need the following lemmas. Let c, ¢;, ¢,, c5
be different constants in different cases even in the same expression.
Lemma 2.1. Let X(l)l' X(l)Zl e, X(l)m' X(Z)ll X(Z)Z e, X(Z)ml 'X(k)lf X(k)Z e, X(k)m be balanced
ranked set samples. Suppose that (C1) hold, vx € Q,

When f(r)(x) is continuous function, hm h, = 0, and lim nh2"*! = oo, we have

n—-oo

lim E [f® — fér)(")

n—-oo

=0.

1
When fg) (x) € Cs 4, putting h, = n"2+r, for 0 <A < 1, we have

_)\(s—2r+1)
<c'n 2+4s

22
E frEr)(x) _ fér)(x)

Proof. Proof of (I): Using C, inequation, we have
2 2
E|f7 00 — (0 | < 2[EE 00 - (P + 2var (£ ()

= 2(4%2 + A,), (2.5)

where

k m
— X— X 1)j - _ X
Efr(lr)(x) _ Z Z n‘lhn(Hl)E[Kr (_()1>] = hn(r+1)E [Kr (X )]
h, hn

i=1 j=1
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_ @ x—X
=12 |k (S fe0ay
0 n

1
= hr_lrf Kr (U)f(;(x - hnu)du
0
The Taylor expansion shows

(1) (2) (S) _th
Fole = o) = Folu) = () 4 0 gt g @I

where 0 < & < 1. Because fé )(x) is continuous in x, then

0< lim |Ef§” x) — £ (x)| = lim| hi Jy Kefs G = hyw)du — £7 () |

1 1
*Jo n—-oo

and

2 _ @y — @] —
lim A% hm Ef, ' (x) — 3 (%) 0. (2.6)

n—-oo

It is easy to see that

k m
_ X — Xin:
A, =2Var f(r)(x) =2 Z Z n‘zhnz(rJ"l)Var[Kr (h—(l)]>]
- n

1j=1
k m
< 2n 2R 20D ZZE ( “”)]2 < c-(nh2r+H)t, 2.7
i=1 j=
When h,, - 0 and nh2"™*1 — oo, we get
lim A, = lim Var (f(r)(x)) (2.8)
n—>oo

Substituting (2.6) and (2.8) into (2.5), proof of () is finished.
Proof of (I1): Similar to (2.5), we can show that

22 22 A
E|f” 00 - £000| < 2[EEP 00 - (P @]+ 2var (£ )

= Z(Blz}‘ + Bz}‘), (2.9)

Due to 4, and £ (x) € Cyq,
£ (x — &h,v)

dv<c-h;™".

1
B0 - 00 < [ Ik @k
0

s!
1
Therefore, taking h,, = n"2+s, we have
2A 2A(s-T1)
B =2|EP(0) - (0| <con e (2.10)
And by (2.8), we obtain
_A(s—2r+1)
B} <[c; - mh2*H) " <c-n™ z#s . (2.11)

Substituting (2.10) and (2.11) into (2.9), the proof of (I1) is finished.
Lemma 2.2. [F1R(8;, G) and R(§,,, G) are defined by (1.10) and (2.4), then
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0 < R(5,,G) — R(3¢,C) <a f IBGOIP(IBn () — B = BN dx.
Q

3. Asymptotic Optimality and Convergence Rates of Empirical Bayes test Based on Ranked
Set Sampling

Theorem 3.1. Assume (C1) and the following regularity conditions
h, >0, lim h, =0, limnh) = oo,
n—-oo n—-oo

j 62dG(0) < o,
(C]

fG(Z)(x) is continuous function,

hold. Then,
lim R(8,, G) = R(8¢, G).
n—-0o

Proof. Lemma 2.2 shows that
0 < R(5, 6) ~ R(56,6) < @ [ IBWIPB.() — BRI > IBCINdx
Applying (1.6) and Fubini theorem, we have ’
Jﬂlﬁ(x)ldx <62 — 2| +j®92dG(9) +2(6,| f@edG(e) <o

Denote T,(x) = |BX)|P(IB,(x) — BXx)| = |B(x)]). Obviously, T,(x) < |B(x)|. Then, by domain
convergence theorem, we can get

0 < lim R(5,, G) — R(8;,G) < j [1im 7,, ()| . (3.1)
n—-oo Q n—-oo
Next, we need only prove that lim T,,(x) = 0 holds almost everywhere. By Markov's and Jensen's
n—-oo
inequality,
21 21
T,(0 < IAI[|ER? 60 — (P00 12 + BEOIEEP () — £ 60| 12

1
+|CI[|Ef, (x) — f;(x)]?]z.
For fixedx € Q,r=0,1,2 and A = 1, we have

21 21
0 < limT,(x) < A®[limE|f¥ (x) — féz)(x)| 12+ BG)[limE[fP (%) — fél)(x)| 2
n—oo n—oo n—-oo

+[CILlim EI£,0 — 6601 = 0, (3.2)

by (1) in lemma 2.1 and lemma 2.2. Substituting (3.2) into (3.1), the proof of theorem 3.1 is finished.
Theorem 3.2. Assume (C1) and the following regularity conditions

fe(x) € Cs 4, Where s > 4,

1
h’Tl =n 2+s,

fﬂ x™B(x)|1Adx < oo, for0 <A< 1,and m = 0,1,2,
hold. Then,
_A(s=2)
R(8,,G) —R(5;,G) =0 (n 2(1+s)>_

Proof. Using Lemma 2.2 and Markov's inequality, we have
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A
(200 - (P dx

0= R Q) = RG6,0) < ¢, [ B IACIPE
Q

A
£ — ()| dx

o, fﬂ IBGO[MBGO'E

e [ IBEOIMCPEf, () — f () [Mdx

= Ap + B, + Cp. (3.3)
Applying (1) in Lemma 2.1 and the conditions (4)-(5) in the Theorem (3.2), we have
_A(s—2) _A(s=2)
A, <cn 2(1+5)f BT MAX)|Adx < ¢un 2049, (3.4)
Q
_A(s-1) _A(s-1)
B, < c,n 2(1+S>f IBE)||AX)|Mdx < cgn 20+9), (3.5)
Q
__As _A(s—12)
Cn < c3n 2(1+5)f IBE)|*A|C|Adx < cgn 2049, (3.6)
Q

Substituting (3.4)-( 3.6) into (3.3), we have

_A(s-2)
R(Snl G) - R(SGIG) =0 <n 2(1+S)>.

The proof of theorem 3.2 is finished.

A(s—2)

A Sl 1
Remark 3.1. WhenA —> 1,0 (n 2<1+S)> nears O (n‘E).
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