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Abstract

A star product is used to describe a route to chaos by a period-p-tupling , the corresponding
metric universalities can be investigated consequently. A recent result is that Feigenbaum
scenario will be destroyed by the so-called non-normal star product (NNSP) which does not
satisfy an associative law, it is important to distinguish a NNSP and a normal star product (NSP)
from a given multiplication table. In this paper, we present the general expression of star
products for 1D m-modal maps while some useful lemmas and theorems of Star Products are
proofed, these result will provide important clues for the proof of Conjecture 2.1 in section 2.
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1. Introduction

All manuscripts must be in English, also the table and figure texts, otherwise we cannot publish your
paper. Please keep a second copy of your manuscript in your office.

Feigenbaum scenario in unimodal maps arouses interesting researches on metric universalities in
dynamical systems [1-8]. Derrida--Gervois—Pomeau [9] has presented an important composition
rule of sequences, the so-called star product which can be used to reproduce Feigenbaum numbers by

a period-doubling process (RC)™ for unimodal maps, the rigorous algebraic structure of the star
product gives all renormalizable maps and their construction scheme of renormalization, while it
forms all the equal topological entropy classes in which the Feigenbaum's universalities are contained
[10]. Therefore, a series of works are contributed to subsequently. Ringland [11] generated a
genealogy of finite kneading sequences by using the hierarchical transformation for the o seed, ¥
seeds, and ¥ seed. Brucks [12] discussed a generalization of the star product transformation to
multimodal maps by introducing linear graphs of permutations, which is based on an investigation of
the factorization of permutations into products of permutations. Recently, star products of bimodal,
trimodal and qudrimodal maps are obtained and the corresponding Feigenbaum metric universalities
are generalized hereby [13-16], an interesting result is found that the NSPs will hold the Feigenbaum's
metric universalities, the case of destroying Feigenbaum scenario is only appeared by using a NNSP
(R" = X #(X (- (X *Y))) =X *B"™)
[17]. Therefore, the study of NNSPs

n-1

in a bifurcation way

becomes necessary, on the other hand, the number of NNSPs in multimodal maps will go beyond that
of NSPs far away. It is known that all star products in unimodal maps and bimodal maps are NSPs,
there are six star products in trimodal maps [15], two of them are found NSPs firstly, others are
NNSPs. The research of NNSPs will open a way to explore the new scheme of renormalization and
universal constants. In this paper, we present an rigorous algebraic expression of star products in 1D
m-modal maps systemically, while a conjecture of star products is given according to current progress
of star products [13, 15-16, 18].

2. Symbolic dynamics of 1D m-modal maps

In this section, we give the general description of symbolic dynamics of 1D M -modal maps,
including coarse-graining description, ordering rule of symbolic sequences, admissibility conditions,
the height order relation (HOR), some basic operators and notations. The word-lifting technique is
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ignored here [19]. Preliminaries in this part is for understanding the expression of star products in
section 3.

2.1 Coarse-graining description

First, we give a concise description for symbolic dynamics of 1D m-modal maps. A m-modal map
(1) has m critical points denoted as C,,C,,---,C_, and m+1 monotone branches as I, l,,---, 1.1 ,
respectively (Figure 1).

Let C,,C,,---,C, be the horizontal coordinates of m critical points and —1<¢, <¢, <---<c_ <1
holds. The corresponding iterative system is considered as

Xn+1 = f (Xn!:u) (1)
Here, f,:1 =1 is a nonlinear map of endomorphism on the real interval | =[-11],
1 =(c,c,,-+,C,) . In fact, equation (1) is a general iterative form of 1D m-modal maps while can

meet the requirement of the new numerical solution of word-lifting technique [19].
For a given initial point X,, a numerical orbit (X,,X,,-*X;,-**,) is obtained by (1), while a sequence
W =w,W, ---w; -+~ is signed by the following coarse-graining or reduction of description [4-5],

I, for x; e[-1,¢)),
C,, for x; =¢,,
I for x; (¢ 4,C),
w, =5 C, for x; =c, 2
i for X; € (¢, Cy),
C., for x; =c,,
lars for x; € (c,,,1l,

where,ie 27,2 <i<m-1. Additionally, as the natural order of real numbers on the interval [-1,1],

,<C <l,<C,<--<1 <C_ <I,, holds. Let L={l1,,C

+1

(a)

L
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+1

+1

-1
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Figure 1: Schematic graphs of m-modal maps with m critical points (for the case of 11 to be an
increasing branch): (a) m is odd; (b) m is even.
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Let S is a symbolic sequence, a parity operator 7 is defined to develop ordering rule of symbolic
sequences:

7(S) =1, if the number of monotonically decreasing branch in S is even,
7(S)=-1, otherwise; @A)

Ordering rule of sequences: To compare two symbolic sequences S, and S, , let S, =aa---and
S, =ab--- here a is their common leading string and a #h.

Supposing that7(a) =1: if a>b, then S, >S, and vice versa; supposing thatz(a)=-1: if a>b,
then S, <S, and vice versa.

2.2 Admissibility Conditions And Admissible Sets.

For a given symbolic sequence W, A(W)is noted as a set of all subsequences which follow letter A

in W, where A e L. The symbolic sequence W is called admissible, if an admissibility condition (4)
is satisfied:

LW)<CW), 1, W)<CW),  ifC, isapeak;
C.(W)<1.(W),C.W)<T (W), if C, is a valley. 4)

ieZ", 1<i<m.

_ C!
C(W) -
I(W) = w I(W)
I.(W - e T (W
c.
e c(w)
[:' C; [a-t [,' C;‘ [1—1

Figure 2: Schematic graphs of admissibility conditions, it shows the relation between letter A and
its subsequence A(W), here AeL.

(4) is used to judge whether a symbolic sequence is corresponding to an exist orbit or not, that is to
say, whether there has a group of parameters and an initial point X,, such that W can be reproduced
by (1) and (2). It is worth noting that if there is not a critical pointin W, e.g. C, , inequalities including
C_k(\N) in (4) will be invalid and omitted automatically, otherwise valid. For example, if a symbolic

sequence W does not pass through any critical point, the non-superstable kneading sequence W is
admissible and is called “flesh in m -dimensional parameter space [20].

A periodic sequence passing through all m critical points is called a m-tuply superstable
kneading }(mSSK) sequence, while it is called a joint point [20]. All admissible symbolic sequences

form a set K°, while all admissible mSSK sequences form a set K.
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2.3 Height Order Relation (HOR).

The HOR is defined as: Let 1<i,j<m,1<t<m+1, j=i. Supposing that C; is a peak, when
Ei(VV) > I_t(\N) and (?i(\N) > (?J.(VV) hold simultaneously, we call W has HOR i, else W has no HOR
i ; supposing that C; is a valley, when C,(W) <1, (W) and Ei(\N) <(Tj(\/V) hold simultaneously, we
call W has HOR i, else has no HOR i. In other words, if W has HOR i, if C; is a peak, it must be
the highest among other peaks; if C; is a valley, it must be the lowest among other valleys.

The HOR is used in the rule of star products. The HORs in D.G.P. star products [9] and dual star
products [13] have not been mentioned, the reason is that they hold already. The HOR is found in
trimodal maps and is the inherent property of 1D m-modal maps.

2.4 Star Products of One-dimensional M-modal Maps.

From two given admissible words X and Y, a star product will produce a new admissible sequence
X xY . Here Y =Y,¥,+Y; Yy, ¥; € L X| and |Y| are length of sequence X and Y respectively. A
star product * satisfies a multiplication distributive law,

XY = (X xy)(Xxy,) (X xy,) (X *y,) (5)

An operator U of sequence concatenation is introduced to simplify (5),
Y|
X+ =(J(X*y) (6)
i
For 1D m-modal maps, X in (5) must be an admissible mSSK sequence,

we note X =(X,,C, X, C, X, C X, C. )" =(J(X,C )" ={J(X, Cy ), here X, is afinite
i=1 i=1

sequence composed of letters from {l1<t<m+1}, while (k.k,,---,k,) is a permutation of
1,2,---,m).
1 2 ... m
[kl kz -k j )

It shows different orders of critical points being successively passed through in a mSSK sequence.
The number of different orders is m!, while it is the number of star products in 1D m-modal maps
[15,16,18].

Further in equation (6),

=00, =00 v e, ) ®

(i) @
c'=1,C’=C (10)
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The value of S(C, *Y;) can be found in the multiplication table [15, 18], here we give its form,
+lor -1 ify;#C,,
0, ify, =C,,

has been presented [18] and is ignored here.
Table 1 Schematic form of multiplication table

where, S(C, *Y;) ={ The method to construct such a multiplication table

Xk10k1 e Xk,-Cki ces Xk Ck: yj
X CT(XH) S(Cyh) | L. X, C];(in)-S(Cki*Il) e X C (Xim) S (Cn* 1) I
(XR ) S(Ck]*Ck ) .o e e T(ka)'s Ckm*(;ki)
Xk] Ckl 1 Xk, Cki, ka Ckm ( Ck:
(Xkl) S(Ckl*Ierl) T(in)'s(cki*Ierl) T(Xk”H_l).S (Ckm+l *Ierl)
Xklc | XkG, U Xk, G Irnia

Conjecture 2.1 If X eK'and Y e K°(K"),Y has HOR k_,then Z = X *Y e K°(K").

When m takes 2, 3 and 4, the result is verified, no counter-example appears. At present, the proof of
conjecture 2.1 is difficult, however, a series of lemmas and theorems presented in section 3 will
provide important clues, while one of theorems can tell us whether a star product is NSP or NNSP
according to its multiplication table.

3. The Algebraic Properties of Star Products

3.1 A Few Useful Lemmas and Theorems of Star Products

Let X = J(X,C,) K", all corresponding notations are the same as those in section 2.
i=1

Condition 3.1 The star product needs that z(1;) =z(X *1;) holds, j=12,---,m+L1.

If it is a finite sequence composed of letters I , it it is easy to know 7(S) =7(X *S) holds too.

Condition 3.2 Supposing that YV € L and u< V . the star product needs that X *U < X *V ho|ds.

Remark 3.3 Conditions 3.1 and 3.2 are the necessary conditions of the star product, in fact, they
guide the construction method of multiplication table 1 [18], otherwise conjecture (1) will fail by a

counter example.
Lemma 3.4 (i) X,C % < X.C, < X,C’™ holds;

(i) If C; is a peak, then 7(X,C,"*?)=1and 7(X,C/"") =-1hold;

(iii) If C, is avalley, then z(X,C"")=—1and 7(X,C’"") =1 hold;

(iv) 7(J(X,C/")) =1 holds.

i=1

Proof. Supposing that C; is a peak, then r(C‘l) =1 and 7(C") =-1 hold apparently. If z(X;) =1,
then we have X,C""W = X.1. and X,C'") = X.I. ,, by the ordering rule of symbollc sequences, (i)
and (ii) hold; else if 7(X;)=-1, thenwe have X,C**) =X.1., and X,C/"” = X.1., by the ordering

II+

rule of symbolic sequences, (i) and (ii) hold too; For the case thatC; is a valley, (i) and (iii) can be
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proofed similarly; Supposing that m is odd, the number of peaks p is even, while the number of valleys

v is odd, from (ii) and (iii), ‘UGN =UXCT) =D (D1 =1 i s

p

even, the number of peaks p is even, while the number of valleys v is even, from (ii) and (iii), equation
(3.1) holds too.

The proof is over.
Lemma 3.5 In multiplication table 1, let u,velL and u<C, <v, then S(C, *u)=-1 and
S(C, *v)=1.

7(X)S(Cy )

Proof. X #u=X,C"*™ ... Xx*C,_=X,.C -, X#*v=X,Cs

from condition 3.2, we have X *u < X *C, <X *Vv, by lemma 3.4, S(C, *v)=1and S(C, *u)=-1
hold apparently.

Corollary 3.6 T(Ij)zl_[S(Ci*lj) holds, here j=1,2,---,m+1, S(C *l,) is the content of
i=1

multiplication table 1.
Proof. From condition 3.1 and lemma 3.4,

(1) =r(X*1)) = T((LmJ(Xk,Cki NEl) = T(O(XKIC;(X“)S(CM*'j))

:(ﬁr(xkicé(xkn)).ﬂs(q % |j):ﬁs(ci * |j)

The proof is over.
Lemma 3.7 For three symbolic sequences S°,S' and S2?, S° is composed of letters,

l;,i=12,---,m+1. s and S? are composed of letters from set L and supposing that S* < S? holds,
then the following results hold.

(i) If 7(S°) =1, then S°S! <S°S? holds ; (ii) If 7(S°) =—1, then S°S' > S°S?holds.

Proof. Let S'=Va---, S*=Vb---, where V is the common leading string of S* and S*,a=b.
First, supposing that 7(S°V)=1  holds: If 7(S°)=1  holds, then 7(V)=1 so
S'<S?=a<b=5°S"'<S°S?; If 7(S%) =-1 holds, then (V) =-1, S0
S'<S?* = a>b=5°">S°S%

Second, supposing that z(S°V)=-1 holds: If 7(S°)=1 holds, then 7(V)=-1 so
§'<S*=a>b=5°"<S’? f 7(S%) =-1 holds, then (V) =1, SO
S'<S?2 = a<b=5°">5°S2 The proof is over.

Theorem 3.8 Two symbolic sequences S* and S? are composed of letters from setL . Supposing
that S' < S2 holds, then X *S* < X *S2 holds.

Proof. Let S'=Va---,S° =Vb---, where V is the common leading string of S andS?,a=b. We
have X #S'=(X *V)(X *a)--- and X *S? = (X *V)(X *b)---.
If 7(V)=1 holds, then S'<S? =a<b=> X *a< X b, from lemma 3.7, X *S* < X *S?holds;

If 7(V)=-1 holds, then S'<S2—=a>b= X *a> X xb, from (X *V)=7(V)=-1 and lemma
3.7, X %S < X %*S? holds.
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The proof is over.

Remark 3.9 We call theorem 3.8 as order-preserving theorem of star products, it would be useful to
proof conjecture (2.1).

4. Conclusion

In this paper, for the star products of 1D m-modal maps, the corresponding algebraic properties are
explored and a series of lemmas and a theorem are presented, these rules will play an important role
on the proof of the conjecture 2.1. The NNSP will be researched furtherly.
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